
Examples

1: Wasan
From a tablet in Miyagi Prefecture, dated 1820.

Show that AB2
= 4 rR

2: Three circles between two lines
This one is found in Ibaraki prefecture, dated 1881, late for a sangaku, although it also appears 
elsewhere in Japan on other tablets. It appears in extended form, but undated, at the Suwa-Taishi-
Shimosha shrine in Nagano prefecture.

The lines are parallel. Show that

r1
2

= 4 r2 r3

3: Three circles in a right angled triangle
This is another from Iwate, but cannot be dated.

The main triangle is right-angled. The length of the
perpendicular from the right angle to the hypotenuse
is h. The radii of the incircle of the main triangle is 
r1, and of the other two incircles r2, and r3.

Prove that r1+r2+r3 = h .
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4: Five circles in a square
This one is dated 1811 and can be found at the Ichikawadani-
Ōmoto shrine in Nagano prefecture.

The five circles all have the same radius, and are inscribed in the
triangles and central square.

What is the relation between the radius of a circle and the side of
the outer square?

5: Two equal circles in a square
This one is found in Hyōgo prefecture and is dated 1893.

The circles inscribed in the two triangles have the same radius.

What is the relation between the radius and the side of the square?

6: Origami
We know the author of this intriguing question. Akama Chū
placed this tablet in 1813 at Bodhisatva Kokūzō of the Magan-ji
temple in Fukushima prefecture.

The lower left corner of a square piece of paper has been folded
onto the right hand side.

Show that r = d.
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7: Ellipse and chain of circles
The tablet for this no longer exists, but the records
indicate it was hung up in 1838 in Aichio prefecture.

An ellipse contains a central circle, and two circles
at the ends of the major axis. Between these are two
other circles, radius r, tangent to the circles either
side of them. In addition, all circles are tangent to
the ellipse.

Prove that r =
a
4

As a supplementary question, what is the length of the minor axis of the ellipse? If this has a real 
answer, then it proves that the configuration is possible. Is it unique?

8: Pyramid and spheres
The actual tablet has been lost, but was put up in 1789 in
Tokyo prefecture.

A symmetrical pyramid on a square base contains a large
sphere, radius R, touching the base and all four sloping
sides. Four smaller spheres, each of radius r1, are tucked
into the corners of the base each to touch two sides, the
base, and the central sphere. Another small sphere, radius 
r2, sits on top of the central sphere and touches all four
sloping sides.

Prove that R = √2 r1r 2 + r1 .

9: Three circles on a line
I do not have any information on where and when
this sangaku was installed.

Three circles mutually touch each other and a line.
Show that
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10: Two circles on a chord
This is another from a collection which gives no
reference to the original.

Two circles each touch a chord AB of a circle at the
same point K. The circles also each touch the outer
circle. See diagram.

Prove that the ratio

r1

r2

is independent of the location of K on the chord.

11: Quadrants
This one can be found at Shizuoka in Chubu
prefecture.

Two quadrants of a circle are drawn as shown in a
square of side a.

Two circles touch the sides and the quadrants as
shown, with radii r and R.

Find r and R in terms of a.
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12: Theorem 9
This theorem is stated in Eiichi et al without proof,
and is useful for some sangaku.

n+1 arbitrary points, labelled Pi, for i = 0 .. n, lie in
sequence on the side BC of triangle ABC, such that 
P0 = B, and Pn = C. Circles are inscribed in each
triangle APi-1Pi of radius ri respectively.

The radius of the incircle of triangle ABC is R.

The height of the triangle is h.

Prove that
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Notes and revision.

When a letter appears in a circle, it is meant to imply that that is the radius of the circle. Suffixes are
often used to distinguish different values. It is usually obvious when circles and lines touch, and the 
assumption is always that the figures are tangent to one another.

A tangent to a circle makes a right angle with the radius at the point of tangency.

There are two tangents from an external point to a circle, and these are of equal length between the 
point and where they touch the circle.

The incircle, or inscribed circle, of a triangle is the unique circle that touches each of the three sides 
and is inside the triangle. Its radius is known as the inradius.

The circumcircle, or circumscribed circle, of a triangle is the unique circle that passes through the 
three vertices of the triangle. Its radius is the circumradius.

A reference for useful relations to be found in a triangle is at: 

https://www.cut-the-knot.org/triangle/MetricRelationsInTriangle.shtml

And this section of a Wikipedia page lists a number of other trigonometrical relations for the angles 
of a triangle:

https://en.wikipedia.org/wiki/List_of_trigonometric_identities#Further_%22conditional
%22_identities_for_the_case_%CE%B1_+_%CE%B2_+_%CE%B3_=_180%C2%B0

A few quick reminders for triangle ABC, with sides a, b and c opposite angles A, B and C 
respectively,  semiperimeter s = ½ (a + b + c), area T, radius of inscribed circle r, radius of 
circumscribed circle R, and altitude h from A to a.

Cosine rule: a2
= b2

+c2 – 2b ccos A

Sine rule: 
a

sin A
=

b
sin B

=
c

sin C
= 2 R

Area: T = r s =
a b c
4 R

=
ah
2

Inradius: r =
T
s

=
a h

a+b+c

Heron’s formula: T = √s (s−a)(s−b)(s−c)

Tangent rule: 
a– b
a+b

=

tan
A – B

2

tan
A+B

2
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